Abstract. A double quantum dot coupled to an s-wave superconductor and subject to an inhomogeneous magnetic field can host a pair of zero-energy Majorana fermions when the dot properties are tuned appropriately. Here, we demonstrate the possibility to generate a fractional 4π Josephson effect in two such double dots tunnel-coupled to each other. We discuss the robustness of this effect with respect to perturbations away from the special point in parameter space where the uncoupled double dots host Majorana fermions. We demonstrate the possibility to generate Josephson effects with a period of 8π and 12π in strongly-coupled double dots.
Introduction
Currently, there is a rapidly increasing interest in the possibility to generate Majorana fermions in condensed-matter systems [1, 2] . This is triggered by the fact that Majorana fermions exhibit non-Abelian braiding properties and offer the possibility to realize topological qubits that are immune to local perturbations for quantum computing [3, 4, 5] .
By now, various theoretical proposals of how to realize Majorana fermions exist, e.g., by quasiparticles in the ν = 5/2 fractional quantum Hall state [6] , as edge states of a one-dimensional wire made from a p-wave superconductor [7] or in vortices of a p-wave superconductor [8] . Unfortunately, all of these proposal are very hard to realize experimentally. Recently, several more feasible setups have been suggested where the surface states of a three-dimensional topological insulator or edge states of a quantum spin Hall insulator are coupled to an s-wave superconductor [9, 10] . In addition, it was shown that a one-dimensional p-wave superconductor can effectively be induced in a single-channel nanowire with strong spin-orbit interaction subject to an external magnetic field and in proximity with a standard s-wave superconductor [11, 12] .
Majorana fermions give rise to a number of characteristic transport signatures. First of all, they lead to a zero-bias peak of 2e 2 /h in the differential conductance of a weakly coupled normal metal probe [13, 14] . In addition, Majorana fermions also give rise to a fractional Josephson effect where the supercurrent is 4π periodic in the phase difference between the superconductors instead of being 2π periodic [7] . The fractional Josephson effect is a consequence of the crossing of Andreev bound state energies as a function of the phase difference. It has by now been studied theoretically in Josephson junctions where Majorana fermions are realized using quantum spin Hall insulator edge states [10, 15, 16] , surface states of a three-dimensional topological insulator [17] and nanowires [18] . The effects of many-channel wires [19] , finite wire length [20] and Coulomb charging have been investigated [21] . The possibility to observe a fractional Josephson effect due to Landau-Zener tunneling in realistic systems where imperfections in the system turn the level crossing into an avoided crossing has been discussed [22, 23] . Landau-Zener tunneling has also been shown to yield a fractional Josephson effect even in Josephson junctions without Majorana fermions [24] .
Nanowire setups that are supposed to host Majorana fermions at their ends have by now been realized by several groups [25, 26, 27, 28, 29] . These experiments have indeed shown zero-bias conductance peaks in agreement with theoretical predictions. However, there exist other mechanisms like interference effects in the presence of disorder [30] and weak antilocalization [31] that can yield similar zero-bias anomalies. Additionally, recent experiments have shown the occurrence of fractional Shapiro steps in Josephson junctions from InSb nanowires [32] as well as unconventional behaviour of a superconductor-topological insulator Josephson junction [33] .
One of the biggest issues in clearly identifying signatures of Majorana fermions is the fact that in experiments the nanowire is buried beneath a superconducting electrode.
Hence, its properties are not accessible to direct characterization. This problem can be circumvented by alternative setups based on quantum dots [34, 35, 36, 37, 38] . The simplest realization of such a system consists of a double quantum dot coupled to an swave superconductor and subject to an inhomogenous magnetic field [35] . The presence of Majorana fermions in such a system is indicated by characteristic features in the zero-bias conductance in analogy to the Majorana setups realized in nanowires.
Here, we demonstrate the possibility to generate a fractional Josephson effect in a setup of two double dots and analyse the robustness of the effect with respect to level detunings and Coulomb interactions. Compared to a conductance measurement, the Josephson current offers the advantage of being a non-invasive probe as it does not require to couple any additional normal electrode to the system.
Using quantum dots to investigate Majorana fermions offers a number of advantages. First of all, quantum dots are well-controlled systems with parameters like level positions that can be easily tuned in experiment. In addition, very similar setups have already been realized to act as Cooper pair splitter [39, 40, 41, 42, 43] . Furthermore, supercurrents through quantum dots have been observed in a number of experiments as well [44, 45, 46, 47, 48, 49, 50, 51] . From a theoretical perspective, a double quantum dot represents the shortest Kitaev chain consisting of two links only. Hence, it is the simplest possible Majorana setup. Finally, quantum dots are an ideal playground to investigate the interplay between Majorana physics and strong Coulomb interactions.
The paper is organized as follows. We introduce our model in Sec. 2 and discuss how to evaluate the Josephson current from the quantum dot spectrum in Sec. 3. In Sec. 4, we discuss the eigenenergies which are directly related to the Josephson current. Finally, we discuss the limit of strong coupling between the double dots where additional crossings occur in Sec. 5. We finish with conclusions given in Sec. 6.
Model
We consider a system of four single-level quantum dots as shown in figure 1 . The quantum dots form two double dots, r = L, R, each coupled to a grounded superconductor. As we are interested in subgap transport only, we focus on the limit of infinite superconducting gaps. The whole system is subject to a magnetic field that lifts spin degeneracy. In order to have both, direct tunneling between the dots i = 1, 2 within a double dot and a superconducting proximity effect caused by crossed Andreev reflections, we assume the magnetic field acting on the two dots to enclose a finite angle α r . By changing this angle, the relative strength between direct tunneling and the proximity effect can be tuned [35] . Finally, the two double dots are connected to each other via a tunnel coupling between dot i = 2 in the left and dot i = 1 in the right double dot. 
Effective Hamiltonian
The system is characterized by the total Hamiltonian
The effective dot Hamiltonian that describes the double quantum dot r is given by
cf. Appendix A for a detailed derivation. Here, ε ri denotes the energy of the single level relevant for transport in the two dots. Direct tunneling between the two dots is characterized by t r . The superconducting proximity effect is described by the induced gap ∆ r which in our system is proportional to the tunnel coupling between the double dot and the superconductor. Finally, Φ r denotes the phase of the superconducting order parameter in the electrode coupled to double dot r.
The coupling between the two double dots is described by the tunneling Hamiltonian
where the tunnel matrix element t can be controlled by a gate voltage. Finally, interactions are captured by the interaction Hamiltonian,
where the sum runs over all pairs of different quantum dots and double counting is excluded. 
Majorana representation
We now express the Hamiltonian (1) in terms of Majorana fermions. To this end, we introduce the Majorana operators
which satify (γ
The inverse transformation reads
In terms of the Majorana operators, the effective dot Hamiltonian (2) becomes
where we dropped an irrelevant constant. From (9), we directly read off that the double dot hosts a pair of zero-energy excitations at the special point t r = ∆ r , ε i = 0 described by the Majorana operators γ r 1A and γ r 2B .
Expressed in terms of Majorana fermions, the tunnel coupling and the Coulomb interaction become
and
respectively. Here ∆Φ = Φ R − Φ L denotes the phase difference between the two superconductors.
A schematic representation of the quadruple dot in terms of its Majorana degrees of freedom for different values of the phase difference ∆Φ is shown in figure 2.
Josephson current
The Josephson current through the quantum dots is given by the derivative of the free energy with respect to the phase difference between the superconductors [52] ,
As the free energy is given by F = −k B T log i e −E i /k B T where E i denote the manybody eigenenergies of the system, at low temperatures, k B T E i − E j , the Josephson current is essentially determined by the ground state energy E 0 ,
We remark that E 0 is a many-body ground state energy, i.e., it is the lowest eigenenergy of the system. This is in contrast to a description in the Bogoliubov-de Gennes picture where the excitation energies close to zero energy determine the Josephson current. Since the Josephson current is completely determined by the spectrum of the quantum dot, in the following, we will discuss the properties of the eigenenergies rather than the Josephson current itself.
Eigenenergies
We are now going to discuss the eigenenergies of the quantum dot. We focus on the situation where t r = ∆ r . As soon as this condition is relaxed, the system will no longer exhibit a fractional Josephson effect. This is in contrast to a nanowire setup where a fractional Josephson effect can occur even when t r = ∆ r since the induced splitting of the zero-energy states is exponentially small in the length of the wire. First of all, we discuss the "sweet spot" in parameter space where in addition to t r = ∆ r we have ε ri = 0 and U rir i = 0. We then turn to the effect of detuned levels and analyse the influence of Coulomb interactions. 
For each eigenenergy, there are two degenerate states with an even and odd number of electrons on the quantum dots, respectively. Note that we discuss the many-body eigenenergies, i.e., the ground state properties are determined by the state with lowest energy.
Sweet spot
At the sweet spot, t r = ∆ r , ε ri = 0 and U ri,r i = 0, analytical expressions for the eigenenergies can be obtained. However, as they are lengthy and do not provide much insight it is more convenient to discuss the eigenenergies obtained via degenerate perturbation theory in the coupling t between the double dots. Up to second order in t, we find
For each of these eigenenergies, there are two degenerate eigenstates with an even and odd number of electrons on the quantum dots, respectively. Equivalently, for these states the nonlocal fermion f = (γ
)/2 is occupied or empty. We remark that the above expressions are only valid for ∆ L = ∆ R . For ∆ L = ∆ R , we instead find E 1± = 0 and E 2± = ±t cos(∆Φ/2), respectively. Interestingly, the above analytic expressions are in good agreement with the numerically obtained eigenvalues shown in figure 3 even for large tunnel couplings t ∼ ∆. In order to see whether a fractional Josephson effect can occur in the system, we have to analyze the phase dependence of the eigenenergies E 0± . As shown in figure 3 , the eigenenergies cross at ∆Φ = (2n + 1)π, n ∈ Z. Due to these crossings, the system stays, e.g., in one of the two states with energy E 0+ when the phase difference is adiabatically increased and passes through ∆Φ = (2n+1)π. Hence, increasing the phase difference by 2π exchanges the ground state and the first excited state, thus leading to a 4π periodic Josephson current. We remark that the observation of the 4π periodicity requires a conservation of fermion parity over a time scale longer than the time needed to increase the phase difference by 4π.
To understand the origin of these crossings, we take a look at the Majorana representation of the quantum dots, cf. figure 2. For any phase difference, there are two uncoupled Majorana modes at the end of the quantum dot chain. They are associated with the degeneracy of the even and odd parity states. In addition, for ∆Φ = (2n + 1)π, the system hosts two chains consisting of three Majorana fermions. As these chains are described by an antisymmetric 3 × 3 matrix, they must have a zero-energy mode associated with the level crossing. The zero-energy modes are given by
where the upper (lower) sign applies at ∆Φ = (4n ± 1)π. Hence, the zero-energy states are localized at the ends of the three-Majorana chains. The nonlocal fermion f = (Γ 1 + iΓ 2 )/2 associated with these two modes is occupied (empty) for the states with energy E 0± .
Influence of perturbations
So far, we considered an ideal system tuned to its sweet spot. We now analyze the influence of perturbations away from this point. We discuss both the effect of level detunings as well as of Coulomb interactions.
Level detunings
In the following, we analyse the influence of level detunings on the occurrence of the fractional Josephson effect. We first consider the detuning of the outer dot level L1 and R2. As can be seen in figure 4a ), a detuning of one of the outer dots turns the crossings between E 0± into anticrossings and, hence, destroys the fractional Josephson effect. The reason for this becomes immediately clear when looking at the Majorana representation of the quantum dots. A finite energy ε L1 induces 
Other parameters are as in figure 3. a coupling between the zero-energy Majorana modes γ L 1A and Γ 1 . This coupling moves both states to finite energy and, thereby, destroys the level crossing at ∆Φ = (2n + 1)π.
We next turn to a detuning of the inner dot levels ε L2 and ε R1 . In contrast to a detuning of the outer dot levels, we now find that the crossings are preserved and the fractional Josephson effect persists, cf. figure 4b ). This can again be understood from the Majorana representation of the quantum dots. While a finite ε L2 induces a coupling between γ L 2A and γ L 2B , it does not affect Γ 1 which therefore stays a zero-energy excitation. More generally, for a detuning of both inner dots, we find the new zero-energy Majorana modes
Coulomb interactions
We next turn to the influence of Coulomb interactions on the level crossings. As shown in figure 4c ), Coulomb interactions within a double quantum dot destroy the level crossings at ∆Φ = (2n + 1)π. This is due to the fact that the Coulomb interaction induces couplings between the zero-energy modes of the unperturbed system in analogy to the detuning of the outer dot levels discussed above. Figure 5 . Left: Eigenenergies as a function of phase difference for a symmetric setup ∆ L = ∆ R ≡ ∆ with ε ri = U rir i = 0 and t = √ 2∆. Right: Probability P to find the system in the state with energy E = −2 √ 2∆ cos ∆(Φ/6) for a time-dependent phase difference ∆Φ(τ ) = ωτ .
In contrast, Coulomb interactions U L2R1 between the double dots do not affect the occurrence of the fractional Josephson effect, see figure 4d ). This can be most easily understood by analyzing the system in the many-body picture. The eigenstates of the two uncoupled double dots are given by the product states
where the eigenstates of the double dots are [35] 
with |11 ≡ c † r1 c † r2 |00 . The fourfold degenerate ground states at the sweet spot are given
To first order in perturbation theory, the Coulomb interaction between the double dots does not mix these states. In addition, it yields the same energy shift for all four states. Hence, the level crossing at ∆Φ = (2n + 1)π is conserved. As can be seen from the numerical analysis in figure 4d), the argument remains valid even for large Coulomb interactions where lowest-order perturbation theory is no longer reliable.
Strong-coupling limit
As the tunnel coupling between the double dots is increased, the splitting between the energies E i± at ∆Φ = 2nπ increases as well. As was first pointed out in Ref. [53] , for a symmetric system ∆ L = ∆ R ≡ ∆ tuned to the sweet spot, this increased splitting leads to the occurrence of new level crossings in the spectrum at t = √ 2∆. While this strong-coupling regime might be hard to realize in a nanowire setup, it should be easily realizable in a quantum-dot system. In the following, we demonstrate that these additional crossings give rise to a 12π-periodic Josephson effect. We then discuss the robustness of this effect with respect to asymmetries in the systems and perturbations away from the sweet spot.
The spectrum of a symmetric system ∆ L = ∆ R with t = √ 2∆ is shown in figure 5 . In addition to the level crossings at ∆Φ = (2n + 1)π, new crossings at ∆Φ = 2nπ arise, leading to eigenenergies that are 12π periodic in the phase difference. We emphasize that these additional crossings are of accidential nature and not associated with Majorana degrees of freedom. In order to demonstrate that the system can exhibit a 12π Josephson effect in the strong-coupling limit, we consider the following situation. Let us assume that at time τ = 0 the system has a phase difference ∆Φ = 0 and is prepared in its ground state. We then increase the phase difference with time according to ∆Φ(τ ) = ωτ . By numerically solving the time-dependent Schrödinger equation, we calculate the probability P to find the system in the state with energy E = −2 √ 2∆ cos(∆Φ/6). The results shown in figure 5 clearly indicate that for slow driving, the system indeed stays on one energy branch and, thus, exhibits a 12π-periodic Josephson effect.
We finally address the robustness of the additional crossings. As they are of accidential nature, any perturbation will destroy them. This prevents the occurrence of the 12π Josephson effect and leads to the 4π effect discussed above. Importantly, there is however the possibility to get at least some of the additional crossings in the presence of perturbations. First of all, additional crossings arise in a symmetric system with Coulomb interaction U L2R1 between the two double dots. These give rise to 8π-periodic eigenenergies, cf. figure 6. Furthermore, additional crossings can occur for an asymmetric system ∆ L = ∆ R tuned to the sweet spot. As shown in figure 6 , here again, the additional crossings lead to the occurrence of an 8π Josephson effect.
Conclusions
We investigated the Josephson current through a system of two tunnel-coupled double quantum dots subject to an inhomogenous magnetic field. Similarly to a Majorana nanowire, the system exhibits a crossing of energy levels that gives rise to a 4π Josephson effect. We find this effect to be robust with respect to a detuning of the inner dot levels as well as to Coulomb interactions between the double dots. In contrast, detunings of the outer dot levels and Coulomb interactions within a double dot convert the crossings into anticrossing and lead to a conventional 2π-periodic effect. In addition, we investigated the regime of strongly couplgy double dots. We found that in this situation additional accidential level crossings can occur. For a symmetric setup, they lead to a 12π-periodic Josephson effect whereas for an asymmetric system an 8π-periodic effect arises. Both effects require a fine-tuning of parameters and are vulnerable to perturbations.
where Γ S = √ Γ S1 Γ S2 is the geometric average of the tunnel couplings between the superconductor and dot 1 and 2, respectively. The first term describes a local proximity effect on a single dot whereas the second term captures the nonlocal proximity effect that involves both dots.
In the following, we focus on the situation where a large magnetic field is applied to the double dot such that for each dot only a single spin state is relevant for transport. This directly implies that double occupancy of each dot is forbidden and a local proximity effect cannot occur. In the case of a homogenous magnetic field, we conclude from (A.5) that no proximity effect is possible at all since it requires the pairing of electrons with antiparallel spin. If the magnetic field is pointing in opposite directions in the two dots, we similarly conclude that no tunneling between the two double dots is possible as it conserves spin. For an arbitrary angle φ enclosed between B 1 and B 2 , the effective tunnel coupling is given by t =t cos φ/2 while the effective strength of the proximity effect is characterized by ∆ = Γ S 2 sin φ/2. As pointed out in [35] , this tunability of the ratio between t and ∆ is crucial to achieve the special point t = ∆ required for the occurrence of Majorana fermions on the double dot. We thus conclude that each double quantum dot r can be described by an effective dot Hamiltonian of the form where we also included the dependence of the pairing term on the phase Φ of the superconductor. As a final remark, we note that instead of applying an inhomogenous magnetic field we could also make use of quantum dots with spin-orbit interactions in combination with an externally applied homogenous magnetic field pointing in a different direction than the spin-orbit field.
